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This paper applies the large deviation technique to a general tree formulation of Gen-
eralized Random Energy Model. The similarities and dissimilarities between the ex-
ponential and the Gaussian model are discussed. Formulae for limiting free energies,
characterization of energy functions are obtained. Limiting case of the tree structure
and randomization of the trees are also investigated.
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1. INTRODUCTION

In the random energy model (REM)!#) of Derrida, the Hamiltonians in distinct
configurations are independent. The idea in generalized random energy model
(GREM) is to bring an amount of dependence in the structure of the Hamiltonians.
Of course, very little can be achieved by assuming an arbitrary covariance matrix.
An n-level tree structure was suggested by Derrida,”) where the branches of the
tree are in correspondence with the configuration space. In this paper we discuss
a reformulation of this model. There are two essential differences from what is
usually considered in the literature. First, we provide a general framework of trees.
Second, we split the number of particles N into n groups rather than splitting
the number of spins (or ‘factorizing’ 2 as considered in the literature). We have
independent identically distributed random variables, one with each node of the
tree corresponding to the N particle system. We read along a branch and associate
the resulting n-tuple (here, 7 is the height of the tree) of numbers with the branch.
The uniform probability on the set of branches is transported to R”. We first
establish certain basic inequalities for these random probabilities. The frame work
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of trees allows us to introduce a further randomization at the tree level, like Poisson
trees and multinomial trees. The above inequalities carry over to these random
trees as well.

Then we specialize to the exponential and Gaussian driving distributions.
The basic inequalities lead to the large deviation principle (LDP) for the random
probabilities mentioned above and gives an explicit formula for the free energy.
Though large deviation techniques are well known in statistical mechanics,'? in
the context of the present systems they are of recent origin.®* Our treatment,
hopefully, is elegant and notationally less cumbersome than in ref. 8. For the
exponential GREM, the driving distribution does not depend on the number of
particles. This does not make it less interesting. The present treatment clearly
brings out the similarities between the two cases. In fact, the Gaussian case is
no more complicated than the exponential case. There are dissimilarities too. As
expected, for small values of 8 (inverse temperature), the energy function in the
exponential case does not depend on 8 where as for the Gaussian it is quadratic
in B. In the Gaussian case, all the weights associated with all the levels of the tree
participate in the expression for free energy, where as in the exponential case it is
not always so.

Even though for any finite number of particles, we have a truly # level tree, in
the limit, it may collapse to a lower level tree—it may even correspond to REM.
This leads to the notion of reduced GREM. For such models, the energy function
determines all the parameters of the model. It is also possible to characterize
the energy functions. It is interesting to note that in the SK-model, subject to
certain moment conditions of the underlying distribution, the energy function is
universal,®® while it is not true here. In this work, we have not considered the limit-
ing Gibbs’ measures. They are worked out in detail by Bovier and Kurkova‘!:?) for
the Gaussian GREM. For Gaussian REM it is well understood (see for example!)
and for exponential REM it is studied in ref. 13.

The organization of the paper is as follows: We formulate the framework
in Sec. 2. The exponential and Gaussian GREMs are discussed in Secs. 3 and 4
respectively. Section 5 contains several illuminating remarks.

We thank Professor S. R. S. Varadhan for drawing our attention to ref. 8 at
the early stage of this work. We thank the referees for helpful comments.

2. THE SETUP

We formulate GREM as follows. Fix an integer » > 1. Let N > n be the
number of particles, each of which can have two states/spins 41, —1; so that the
configuration space is 2". Consider a partition of N into integers k;jy, 1 <i <n
with each k;y > 1 and )_, k;y = N. The configuration space 2", naturally splits
into product, [ | 2kiv and o € 2V can be written as o0, . . . 0, with o; € 25¥. An
obvious tree structure can be brought in the configuration space. Imagine an n-
level tree. There are 251v nodes at the first level. These will be denoted as o, for
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o1 € 2k¥_ Below each of the first level nodes there are 2%2¥ nodes at the second
level. The second level nodes below o} of the first level will be denoted by 0,07 for
oy € 2k n general, below a node 0103 .. .0, of the (i — 1)-th level there are
2kiv nodes at the i-th level denoted by o107 . .. 0;_10; for o; € 2%iv. Thus a typical
branch of the tree reads like o103 ... 0,. Obviously the branches are in one one
correspondence with 2V, the configuration space. At the node o . .. o;, we place
a random variable &, . ..o;. We assume that all these random variables are i.i.d.
with a symmetric distribution. We associate one weight for each level, say weight
a; > 0 for the i-th level. These are not random. In a configuration o = oy ... 0,
the Hamiltonian is

HN(U) = - Z ai%_m 0.

i=1
For § > 0 the partition function is
Zyn(B) = 2VE PN,

Here E, stands for expectation with respect to o when 2V has uniform
distribution. In other words, E,, is simply the usual average over o.

Since &’s are random variables both Hy and Zy are random variables. We
suppress the parameter w. As usual % log Zy(B) is the free energy of the N-particle
system. This is the object of study. As N changes, the common distribution of the
&’s would in general change.

We now reformulate the setup as a general tree structure. Though most of the
trees that we consider later are regular—in the sense that the number of furcations
of a node depend only on its level, and not on the particular node—the present
formulation is general. It allows randomization of the tree, which we do consider
later. We have not found any special trees that give rise to interesting phenomena,
but it appears possible.

Let n > 1 be fixed integer as earlier. For each N > n, let Ty be a tree of
height n with each branch extending up to the n-th level. o} denotes a typical node
at the first level and in general below a node o103 ...0;_; of the (i — 1)-th level,
010, ...0;_10; is a typical node at the i-th level. We shall now define some useful
quantities associated with the tree. Let ), be the set of all branches o107 . . . 0, of
the tree Ty . Let B;y denote the number of nodes at the i-th level. In particular, B, 5
is the total number of branches of the tree, which will simply be denoted by By . For
anode 0703 ...0; of the i-th level, let e(o103 . . . 0;) denote the number of nodes
at the n-th level below the node o107 . . . 0;. Equivalently, e(o107 . . . 0;) is the total
number of branches extending 0,03 ... 0;. Clearly, Zm o €01, ..., 01) = By
forany i Letsty =Y,

Assume that &;, ., is a symmetric random variable associated with node
0103 ...0;. We assume that these random variables are i.i.d. Strictly speaking we

.....

) 62(0'1, cee, 07).
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should be using superscript N for the nodes, random variables etc. But for ease in
reading we suppress the superscript. This should be borne in mind. We do assume
that all our random variables are defined on one probability space. Consider the
map Y, — R" defined by

o = Sa = (%_m’ E(Il(fza sy éj_al...a,,)-

Let uy be the induced probabilit on R” when ) ,; has uniform distribution,
thatis, eacho € ), has probability BLV. In other words, for any Borel set A C R”,

1
un(4) = B—N#{G (&, € 4}

In particular, if 4 is a box, say A = A} x --- x A, with each A; C R then

N (8) = 5 — Y HIA(&W )

<01...0p> i=1
Here now is the basic result.
Theorem 1. Let A=A x---x A, CR". Denote qg;y = P(§ € A;) for 1 <
i <n.

a) If forall i =1,....,n,% y. qul’v“ o < then for any € >0 a.s.

eventually.
(1 — OEun(A) < puy(A) < (1 + OEuy(A).
b) IfZNZl Bingin ... qin < 00 for some i, 1 <i < n then a.s. eventually,

un(A) = 0.

Since all the &,, ,, (for fixed N) are i.i.d., we did not use suffix for £ in
defining ¢; 5. However since the common distribution will in general change with
N, g;n would in general depend on N.

Proof:

a) We follow Capocaccia et al.®)

var(un(A))
- E(MN(A))z — (Eun(A))

32 Z |:El_[1A (Sal a,)lA (é'[l r,) qlqusN:|

Ntfl -On

T).Tn
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< 32 SIS E]‘[lA@m 11

N/' 1oy..0; %+l "'l i=j+1
Tjt1-
1+l7£71+l

X lA»(Sal...a, )IA'(ET.']...‘L',')

== qu qqu(zijl)N"'qr%N Z e(o1...0))
N j=1 01...0;
1

= 3 ZCIIN qqu(j-H)N quS]N
N/' 1

Hence for any € > 0, by Chebyshev’s inequality

1 n
P(|un(A) —Eun(A)l > €Enn(A)) < :
N N N(A)) 82 unv---quv

But, in view of the assumption, the sum over N of the right side is finite. So by
Borel-Cantelli lemma, a.s. eventually,
(I —e)Eun(A) = un(A) = (1 +€)Eun(A).

b) We follow Dorlas and Dukes.® Let jo be such that Y, | Bjx
qin ---qj,n < 0o. Then

uv(8) = = Z]‘[ )

<oy i=1

< == Z ]‘[1A Eor..c)e(01 - 0)y)
01 0jy i=1
= G (say).

Let Ay = {Gy = 0}. Observe that

Jo
AjV = Z 1_[ lA,(%_m...a,-) > 1

01...05 i=1

Now by Chebyshev’s inequality,

Jo
P(45) <E Y [[1aGora) = Biongin -+~ qjon-

o1-0jy i=1
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Thus by assumption and Borel-Cantelli, 4 y will occur a.s. eventually. i.e. Gy = 0
and hence uy(A) = 0. O

For GREM type regular trees the condition above will simplify as follows.
This result is in ref. 8 though not explicitly stated.

Corollary 1. Letk;y, 1 <i < n be positive integers with ) _, k;y = N. Suppose
that the tree has 25" nodes of the i-th level below each node of the (i—1)-th level.

a) [f‘ ZNZI 27(k1N+...+kiN)ql_]\} T ql_N] < 00 for each I = 1’ cee,m, then for
any € > 0 a.s. eventually,

(I =&y - guy = (D) = (1 +€)quy -+~ Gun-

b) I3 n= fwtething v qin < oo for somei, 1 <i < n then a.s. even-
tually, uy(A) = 0.

In Corollary 1, we fixed integers k;y, 1 <i < nsuchthat), k;y = N. Then
we considered a deterministic tree which has 25" nodes at the i-th level below each
node of the (i — 1)-th level. This can be called GREM setup with parameter £,
where & is the sequence of vectors {(k;y : 1 <i <n), N > n}. It is not necessary
to have this exactly satisfied, it can hold either approximately or on an average.
These can be interpreted in several ways. For instance, “on an average” could
mean any of the interpretations below.

Let us introduce another randomness at the tree level which is independent of
the randomness of the Hamiltonians. Consider, for each N, independent random
variables Ly, ..., L,y where L;y ~ P(2%V), i.e. a Poisson random variable
with parameter 2kv  Consider a random tree with (1 + L;y) nodes at the i-th level
below each node of the (i — 1)-th level. Here 1 is added to L;y to take care of
the situation L;y = 0. Of course this is also a regular tree, but random, and could
be called regular Poisson tree. The corresponding GREM model can be called
a regular Poisson tree GREM with parameter k. The next result says that if the
same conditions as in Corollary 1 hold then even with randomization of tree, the
conclusion holds for almost every tree sequence.

Corollary 2. Consider a regular Poisson tree GREM with parameter k.

a) [f‘ ZNZI 27(k1N+...+kiN)ql_]\} e ql_Nl < 00 for each i = 1’ cee,m, then for
a.e. tree sequence the following is true: for any € > 0, a.s. eventually,

(I = €)gin..guny < un(A) < (1 4+ €)qin...quN-

b) If Y yoy 27t Hhvg L qin < oo, for some i, 1 < i < n then for a.e.
tree sequence, a.s. eventually, uy(A) = 0.
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Proof-  a) It is enough to show that for fixed € > 0, almost every tree sequence
satisfies the stated conclusion. This is achieved by verifying that the hypothesis of
Theorem 1(a) holds for almost every tree sequence.

We prove a stronger statement, namely, Ez Y Non Biqi—hm < oo for each i
where E7 is the tree expectation. Since the tree randomness is independent of the

Hamiltonian randomness, in view of the hypothesis, it sufficies to show

2

S; ey -tk n

Er (B_JZV> <2 (eiy+tkiv) (1)
N

But sy = [Tj_ (1 + L;n) [ 1) (1 + Lin)? and B}, = []_,(1 4 L)

Using independence of the random variables (L ;y, 1 < j < n), we get

= (5) -1 ()
By) 4 \l+Ljn

Since Ly ~ P(257), a simple calculation shows

1
. <—> s 3)
1+ Ly

Substituting (3) in (2) we get (1).
b) is simpler. 0

The reader might be wondering why the above is called regular Poisson tree
model. It is conceivable to use independent Poisson variables at each of the nodes.
As in Corollary 2, let {kyy, ..., k,n} be a partition of N. Unlike in that corollary,
now consider an n-level tree with P(2%) 4 1 many nodes below each of the nodes
at the (i — 1)-th level. Here all the Poisson random variables are independent. The
corresponding model can be called a true Poisson tree GREM with parameter &.
Even for this model the same conclusions as above hold.

Corollary 3. Consider a Poisson tree GREM with parameter k. Then (a) and (b)
of Corollary 2 hold.

Proof. The proof is routine and involves too much notation. We only give the
outline. First observe the following.

Leta>1,b>1 and A > 0. Suppose that X ~ P(aA) and Y ~ P(bA) are
independent random variables. Then

X+a 2 a 2
E{ ——— | <2 ,
X+Y+4+a+b a+b
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and
X+a a 1
E < —.
X+Y+a+b? ~ (@a+bPAr

To prove (a), as in Corollary 2 it suffices to show that for each i,

2

E SiN < 2”2_(liV+“‘+kiN)

r\ 52 ) = .
N

For this we need some notation to describe the random tree for the N-particle
system. Let Ly ~ P(2kW). For1 <o) <Lo+1,let L, ~ P(Zk”’). In general,
forojop---0;, withl1 <oy < Lo+ 1,1 <0y <Ly +1,---,1<0; <L, .

let Ly,...., ~ P(2%+v¥), With this notation
2
ﬁ — Z Z Zam c ZG;H(L‘TIW"H + 1)
B]2V o o; Zal et Zan,l(LG'l---O'n—l + 1)
Now to estimate its expectation, first condition on all random variables up
to 0, level and use the first inequality above. Continue this process, noting that

from level o; onward, the second inequality takes over giving the required result.
Part (b) is again straight forward. O

+1
01

This leads to the same conclusion as in this set-up as well. This tree is regular
only with a very small probability.

In the above two models, we randomized the number of nodes at each level
keeping the average fixed. It is also possible to randomize the vector £ suitably.
There are several choices, but here we deal with only one such. We fix p; > 0
for 1 <i <nwith ) ] p; = 1. Consider an n-faced die with p; being the chance
of face i appearing in a throw. Roll the die N times and let K;y be the number
of times face i appears. Clearly, k;y > 0 and Y 7, K;y = N. We can consider
GREM with parameter K. This can be called a multinomial tree GREM with
parameter p = (p;, ..., pn). For this randomization also we have a result similar
to the above.

Corollary 4. Consider a multinomial tree GREM with parameter p.

N
a) If Yy, 27w Pt tplgmlo g2l < oo for eachi =1, - - -, n, then for
a.e. tree sequence the following is true: for any € > 0, a.s. eventually,

(I—=e)qiy.--gav < un(A) = (1 +6)q1n - .- qun-
Thgz (P1H+pi)

b) Ify N2 qin -+ qin < 0o forsomei, 1 <i < nthen fora.e. tree
sequence, a.s. eventually, Ly (A) = 0.
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Proof.  a) As in Corollary 2, it suffice to show that

s? v
Er ( iN) < y e
> ) <
By
for each i. Since 52, = 2k +hin 2K -4k and B2 = 222ZJ=1 kv we need
to show

E2~ YKy < 2—721},\;2(}71'*'"'-*-171')_

Using the fact that Z’l Ky is binomial with parameters N and Z’l p; asimple
calculation shows

. N
i 1 ¢ N ) P
E2_21 Kin — <1 — 5 ;]ﬁ) < e‘% 2P — zfﬁ 2 Pj
b) is simpler. 0

Remark 2.1. The reader would have noticed the difference in the hypothesis of
(a) and (b) in the above corollary. More specifically, there is a factor 1/2 extra in
the exponent of 2 in part (a). But, of course, it should also be pointed out that we
have not assumed any relation between the distribution of N-th and (N + 1)-th
trees either. For instance one could imagine a sequence of independent throws of
the die and take K y as the outcome of the first N throws. We shall return to this in
Remark 5.3

Remark 2.2. Going back to Theorem 1, let (Ty) and (Ty) be two sequences of
trees. Suppose there are numbers C > ¢ > 0 such that for each i, c < ;’—:{ <C

and ¢ < % < C. Then it is easy to see that, hypothesis of Theorem 1(a) holds

for (Ty) iff it holds for (Ty). Accordingly, the conclusion of Theorem I(a) holds
for (Ty) iff it holds for (Ty). Same remark applies for Theorem 1(b). This is what
we meant when we said earlier that the hypothesis of Corollary I need not hold
exactly, enough if it holds approximately.

Remark 2.3.  Under suitable conditions — for instance, when ) _ efiv < oo for
all i — it is possible to show that almost every tree sequence ceases to be regular
after some stage in the Poisson tree model.

To proceed further we need two well known results on LDP. The second result
is a variant of Varadhan’s lemma. See Dembo and Zeitouni® for details.

Proposition 1. Let S be a polish space with an open base A, and {iuy} be a se-
quence of probabilities on S. Suppose that, for each A € A, limy_, % log puy(A4)
exists and equals, —L 4 (say). Define I(x) = sup{L 4 : x € A € A}. Assume that |
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is supported on a compact set, that is, 1(x) = 0o outside a compact set. Then the
sequence {un} satisfies LDP with rate function I.

Proposition 2. Suppose {iuy} is a sequence of probabilities on a polish space S
satisfying the LDP with rate function I. Assume that {1y} is eventually supported
on a compact set C. Let f : S — R be a continuous function. Then denoting Ey
for expectation under Ly,

1 .
lim —logEye™ = —inf{f(x)+ I(x)}.
N xeC

N—o0

3. EXPONENTIAL GREM

In this section, we consider GREM where each & is a double exponential
variable with parameter 1. In other words, £ has density

1 _
¢(x)=ze K —o0 < x < o0.

Note that the density does not depend on N. Let N > n and let kyy, ..., k,y be
integers > 1 adding up to N. The random probabilities py are defined on R” by
transporting the uniform distribution of 2V = 251¥ x ... x 2k~ to R” via the map

<Em (@) &0, (@) €o1..00 (w)>
g = s ey .
N N N

In evaluating the free energy, we will be applying Varadhan’s lemma

(Proposition 2 above). This explains the factor % in the above map, which was not

present in the general framework of Theorem 1.
Proposition 3. py = §p a.s. as N — oo.

Proof.  Forany € > 0, define A(e) =[—¢,€] x --- X [—€, €] € R". By Markov
inequality,

P(uy(A%e) > €) < éEuNmC(e)) < (g > eN) = 2N,

The proposition now follows from Borel-Cantelli lemma. O

From now on we assume that""TN — p; > 0forl <i <n.Clearly,) p;, = 1.
Let

k k
W= {F=(r ... x) eR Y x| <) pilog2, 1 <k <n).

i=l1 i=1
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Let A= A; x--- x A, be a non-empty open rectangle of R”. For such A
and 1 <i < ndefinem; = infyen, |x| and M; = sup, 4. |x|. Clearly, m; < oo for
all i. Observe that in case m; > 0 then A; C (—M;, —m;) U (m;, M;) and in case
m; = 0then A; C (—M;, M;).Inany case A; C (—M;, —m;] U [m;, M;) for each

i.Letm = (my,...,m,). Also define g;y = P(% € Ay, forl <i <n.
We have the following two observations:
NM; 00
qin = / e Ydx < / e dx = e Nm 4)
Nm; Nm;
and
1 N M; 1 N(m;+38) N§
qinN > —/ e dx > —/ e Ydx > —e Nmitd) (5
2 Nm; 2 Nm; 2

forany 0 < § < M; — m;. Both (4) and (5) remain true even if m; = 0.

Proposition 4. If ANV = ¢ then a.s. eventually juy(A) = 0. Moreover, the
sequence { Ly} is supported on a compact set.

Proof A NW = ¢ implies /i ¢ W. This is seen as follows. By definition of m;,
either m; or —m; is in A;. Thus for each i, there is an ¢; = £1 such that €;m; €
A;. Thus the vector (e;m, ..., €,m,) € A and hence ¢ V. By the symmetry of
W, m ¢ ¥ as well. As a consequence, for some j, 1 < j <n,

J J
> mi > pilog2. (6)
i=1 i=I
kin
By (4), (6) and the fact that, =& — p;,
et kin N (m-fk’llogZ)
ZZ’”"’J’ +k""q1N...qjN§Ze =N < 00.

N>1 N>1

Hence by Corollary 1, a.s. eventually uy(A) = 0.

To see the last statement of the Proposition, fix any § > 0. Let J be the
compact set [—§ — log 2, § 4+ log2]”. Since the complement of this set is union of
2" open rectangles of R”, each of whose closures are disjoint with W, the earlier
part implies that eventually uy(J) = 1. O

Proposition 5. If (A N W) £ ¢, then for any € > 0 a.s. eventually

(I =e)gun - quy < un(A) < (1 4+ €)q1n..9nN-
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Proof The assumption (A NW)? # ¢ implies i € W°. Indeed, since (AN
W)0 £ ¢ pick (x1,...,x,) € (AN W), By symmetry of ¥, (|x1], ... |x,|) € ¥°
as well, and now 0 < m; < |x;| for all i yields (m1, ..., m,) € W°.
We are going to show that the hypothesis of Corollary 1(a) holds. Fix i, 1 <
i < n. For sufficiently small § (we choose a specific § later), we have from (5),
2\ _ i (ki —m)—i
s gt < () 1B (6 weon)]

Since 71 is an interior point of W, there is an « > 0 such that Z;:] pjlog2 —

Z;:I m; > a. Now use the fact that k’T” — p; to deduce that eventually

Z;zl(l% log2 —m;) > a. Choose § > 0 so that eventually Z;.:l(l%“’ log2 —
m;) —i8 > a. With such a choice of §, the above inequalities imply

Z 2—(k1.w'+~~+kuv)ql*]\} L qlle < 00.
N>1

Hence by Corollary 1, the proposition follows. O

Remark 3.1. (A NW)° % ¢ implies in particular, that p, > 0. In fact, W° # ¢
iff p1 > 0.

Now, we have the following,

Proposition 6. For a.e. sample point w,

.1 “ o 0
ngnwﬁlogmm?;mi FANY) £¢

= —00 ANV = ¢.

Proof.  When A N W = ¢, the result is immediate from Proposition 4.
Assume that (A N W)° # ¢. Use Proposition 5 with any fixed €, 0 < € < 1,
take logarithms and use (4) and (5) to see limy_, oo % loggin = —m; for eachi. o

Let us consider the map / : R” — R defined as follows,
n
[ =) |x| iftew
i=1
=00 otherwise.

Theorem 2. Almost surely, the sequence {uy} satisfies LDP with rate
function L.
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Proof. Let A be the collection of all rectangles A = A} x --- x A, € R” such
that each A; is an interval with rational endpoints and either AN W = ¢ or
(ANW) #£¢.
It is easy to check that A forms a base for the usual topology of R”". For
A € A, by Proposition 6, the limit — limy_, o, % log 1ty (A) exists almost surely.
Denote this by L. Since A is a countable family, out side a null set, these limits
are well defined for all A € A.
In view of Proposition 1, to complete the proof, we show that for X € R”,
I(X)= sup La. (7)
XeAeA
If x¢W, clearly supgepacala =00 =1(X). Now consider, X =
(x1,...,x,) €W. Suppose e AecA If A=A x---xA, with m; =
inf,ea, |y, then m; < |x;|. Therefore, by Proposition 6, L =/, m; <
>0, |xi|. Thus
sup La < I(%) ®)
XeAeA

On the other hand, consider € > 0 so that € < |x;| for any i with x; # 0. Let
A be the box with sides A; = (x; — €, x; + €). By choice of €, m; = inf ¢4, |y|
equals |x; & €| depending on the sign of x;. Of course, if x; = 0 then m; = 0. Thus
for the A so constructed, we have, La = ), _, |x; & €|. This being true for all
sufficiently small €, we conclude that

sup La > Y || =I(%) ©)

XeAeA im1
(8) and (9) complete the proof of (7) thus completing the proof of the theorem. o
We shall now proceed to evaluate the free energy. Denoting f(X) =

ZL] Baix;,

1 .1 N
—_ = — -Nf
111{/11 log Zn(B) = log2 + 111{,11 log Eye

n n
=log2 — inf a;x; + xi|¢.
g2 — inf {; p ; | |}
by Proposition 2. This last infimum equals infzeq Y _ [1 + Ba; sgn(x;)]|x;|.
Since B > 0,a; > 0 it is easy to see that the above infimum is attained when
all the x; are negative. In other words, by symmetry of W, the infimum is attained
at a point —% forsome ¥ € W7 =W N{f:x; > 0for 1 <i < n}. Thus

.1 . &
hAr/n N log Zy(B) = log2 — i1ean+ 21:(1 — Ba;)x;.
i=
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To calculate this last infimum, here is the general idea. Though simple, it
helps in a better understanding of a quadratic problem in the next section. Let

€1,€C2,...,Cp > 0withe; > O and (ay, ..., o) € R".
Let S C R” be the set of all points ¥ = (x1, ..., x,) € R" with nonnegative
coordinates and ) | x; < > | ¢; fori = 1,2,..., n. Here then is the formula for

. n
I =infies ) | aix;.

i) If o; > 0 for all i then clearly / = 0.

ii) If oy = min; o; < Oand o; > 0 for j > k then the infimum, / = oy Z]f ci
attained at the vector X* € § with k-th coordinate Z]f ¢; and others zero.
Indeed, for any ¥ € S,

n k
Zaix,» Zaix,- because r; > 0 for j > k
1 1

v

k
oy Z x; by choice of k
1

v

k
> oy Zc,- since a; < 0
1
iii) Suppose that of, = min{e; : 1 <i <n} < 0,0, =minfe; : k) <i <
n} < 0,and a; > 0 for j > k,. We choose the largest &, in case there are

two such indices. In this case, the infimum / = o, Zlf‘ ¢ + o, Zlgﬂ ¢

attained at the vector X* € S with k;-th coordinate Zlf] ¢; and k,-th coor-
dinates Zlgﬂ ¢; and other coordinates zero. Indeed, for any X € §

n
E QX
1

k2
E a;x; because a; > 0 for j > ky
1

v

k] kz

> oy, in + o, in by choice of &y, k;
1 k1+l
k[ /(2

\
§
]
A
+
8
g
o

since oy, , oy, < 0

the last inequality follows from the fact that Z/f' x; < ZII” ¢; and when
equality holds, ZZM x; < ZEH .

It is possible to give a general formula either by proceeding as above or by
appealing to the simplex method. Since it involves notation, we shall not continue



Generalized Random Energy Model 1047

with the generalities. Instead, we shall explain this in our situation, namely, when
S=W" o = (1 - Ba;)and c; = p; log2. Here then is the needed notations.
Fork =1, 2, ... define B, ry as follows:

1
ﬁlzmin{—:lfifn}

a;
s =)
r1 =maxii: — = B
and fork > 1,

. 1
Br=min] — :r_1 <i<n
a;

1
rk=max{rk_1 <i<n: —=/3k}
i
Obviously this process stops at a finite stage say at K, so that Sx = ai and
rg = n. We putrg = 0 and Bg; = oo. For example, ifa; > a, > --- > a, then
B = aik,rk:kforkz 1,2,...,n,and K = n. On the other hand if a1 < ay <

-<a,,then,81=ai,r1=nandK:1.

Here then is the formula for the free energy

Theorem 3. Almost surely
.1 .
lim — log Zy(f) = log2 ifB<ph

J 7
=log2+ ) (Ba, —1) Y pilog2 ifB; < B < By
=1

= F_1+1

Two special cases are worth mentioning.

Corollary 5. i) Leta; > a; > --- > ay,. Then a.s.

. 1 . 1
ngnooﬁlog Zy(B) =log2 ifB < @

k
=log2+ Y (Ba;— pilog2 if - <p <L
i=1

=B aipilog2 S

i=1
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ii) Leta; < ap < --- < ay,. Then a.s.

. 1 . 1
ngnooﬁl()g Zn(B) =log2 ifB < .
1

= Baylog2 iff = —.

Remark 3.2. [t is interesting to note that exponential GREM with pa-

rameters (p1, ..., Pn,Qi1,-..,ay) Iis equivalent to GREM with parame-

/ / / / /o ) /o 12 [

ters (py,...,Px,ay,...,ayx) where p\ =3 "'"p;, p)= Zrm Pjo. Pk =
n o o ’ . . .

Z’u@wl 'p; and a;=a,,ay,=a,,,...,ax =a,.. This is evident from

Theorem 3. Here ‘equivalent’ is used in the sense that for every B, both sys-
tems have the same free energy. Thus, in order that an n-level GREM does not
collapse to a lower level GREM it is necessary and sufficient that the weights a;
be strictly decreasing.

4. GAUSSIAN GREM

In this section, we consider GREM with each & centered Gaussian. More
specifically, for the N particle system, £ are i.i.d. centered Gaussian with variance
N. Thus it has density

(S

1 X
o(x) = e W, —00o<X <O00.
v2Nr
Note that the density now depends on N.
As earlier, let N > n and kyy, ... k,y be integers > 1 adding up to N. The
random probabilities 1y are defined on R” by transporting the uniform distribution
of 2V = 2k x ... x 2k to R” via the map

( &0, (w) €010, (w) &0, .0, () )
o = s ey .
N N N

All propositions of the previous section have parallel versions with similar
proofs.

Proposition 3. uy = &y a.s. as N — oo.

As earlier, we assume that ]‘W“ — p;i >0forl <i <n.Let

k k
W={¥eR":Y x} <) 2plog2, 1<k<n
i=l i=1



Generalized Random Energy Model 1049

We caution the reader that this set W is different from that of the previous
section. With the same notation as earlier, namely, A = A} X --- X A,, m; =
infyen, [Xi], M; = sup,ca, Ix], and giy = P(% € A;) we have

Nm?

L, (310

NS

Vz o0
ginN = / e 7Tdx < / e Tdx <
\/ fm, \/le

with the understanding that when m; = 0, the last expression is % and

. 1 «/ﬁ(mﬁ-ﬁ) 2
qgin = —(— / *2dx>—/ e 2dx >
V2w S Nm, 2 Jwm

forany 0 < § < M; — m;. As earlier we have,

N e*‘%’(mﬂré)z , (1 1)

Proposition 4. If ANV = ¢ then a.s. eventually py(A) = 0. Moreover, the
sequence { Ly} is supported on a compact set.

Proposition 5'.  If (A NW)? £ ¢ then for any € > 0, a.s. eventually

(I=egiv...quv S un(A) < (1 +€)qin ... qun-

Proposition 6'.  Almost surely

Jim - log jn(4) = —%im AN £ ¢
i=1
—00 FANY = ¢.

Let us consider the map 7/ : R” — R, defined by,
1 n
1) = E;x? ifiew
= 0o otherwise.

Theorem 4. The sequence {y} satisfies LDP with rate function I.

Thus proceeding as in the earlier section, the free energy is given by

1 R
lij{lnﬁlogZN(ﬂ):logZ—i—%izla - = 1nf Z(x, Ba;)

a formula first derived in ref. 3 by different methods and later in ref. 8 by large
deviation technique.
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We now proceed to explicitly evaluate the infimum that occurs above. The
formula was already given in ref. 8. Our purpose is to bring out the similarities
between the exponential case and the Gaussian case.

Here is the general idea. Let ¢y,¢p...,¢, >0 with ¢; > 0. Let & =

(err,...,a,) € R" with each o; > 0. Let S CR" be the set of all points
i= ( X1,...,X,) € R" with nonnegative coordinates and Y} sz <> ¢ for
=1,2,...,n. Here then is the formula for / = inf;cg Z'l'(xi — ;)%
i) If ‘z‘i i“z > 1 for all i then clearly & € S and / = 0.
ii) Let y = min 0211 f’z Let & be the largest index such that y = O‘[’%iig‘%
Assume that M > 1,fori > k. Puta* = (of, ..., o)) where

A ttef T
af = /ya; fori <k
=q; fori > k.

Clearly a* € S. Moreover the infimum, /= Zlf (af — o) =(1—
VY )? ozz. To see this, consider any X € S. By Cauchy-
Schwarz Sharx < Zl 2 and hence Y% a*(a* — x;) > 0. Since y <
1, Zl of (o — x;) < Zl a;(af — x;). A simple algebra shows

k k k
Di—a) =Y (@ —e) =Y (- =0 (12)
1 1 1

Cig1+...+Ci

< 1, for some i > k. Put
of, +.. o} » 10T Some ! k. Pu

iii) Let y and k be as above. Suppose

n = min;-x H, so that n < 1. Let m be the largest index when this
k1T i
ratio equals 7. Clearly m > k. Assume that % > 1, fori > m.Put
m+1

=.ya; fori <k
=.no; fork+1<i<m

= fori > m.

Clearly &* € S. Further, the infimum, /=) 7(ef — ;) = (1 —
f)z 042+(1 —f)Z Zkﬂaz To see this, consider any point
xeld. It is enough to show (12) with & replaced by m. As ear-
lier Zl of(af —x;) >0 and Z’" af(af —x;)>0. Using y <n<
1, we have ) ) of(ef —x;) < ﬁ Ylaf(ef —x) < \/Lﬁ Yl —
xi) 4+ (\Lﬁ - ﬁ)zlf of(ef — x;). In other words, Y 7 a;(af —x;) >
Yl af(ef —x;). A simple algebra completes proof of (12) with &
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replaced by m. Incidentally the above inequality says that the angle be-
tween the vectors & — &* and &@* — X is at most 7.

We shall not continue with the generalities, instead we explain this in our
situation, namely, S = W, o; = Ba; and ¢; = p; log2.

(pj+-+pi)2log2

Following,(g) letus put Bj; = forl < j <k <n.Set

ait-taj
B = mkin Bix ri=max{i: By; = pi}
B = IkllirIIlBr1+1,k ry = max{i >r;: B, 41; = B2}
and in general
Bnr1 = lIclllrI,: B sk Tmer=max{i >ry, : B 11 = Bus1}

Clearly, for some K with 1 < K < n, we have rg = n. Putry = 8y = 0 and

Bx+1 = 0o. Note that 8y < 1 < Ba... < Bk < Bk+1 = 0.
Fix j < K and let B € (B;, B;+1]. Define X* € W™ as follows:

xf=pa; ifie{rn1+1,...,n}forsomel, 1 <] <j
=pBa; ifi>r;+1

Then inf;cy Z?zl(x,- — Ba;)* occurs at £*. This immediately leads to the
following

Theorem 5. Almost surely.

1 ‘¢ .
I%nﬁlogzN(ﬁ)=log2+%;a? i B <

log2+—Za ——Z(ﬂz B Z a;

ri—1+1
if B <B<Bj.

With proper identification of parameters this is essentially the same formula
as in ref. 3,8. In defining the §;, Capocaccia ef al. use a variant in ref. 3 Sec. 3.2. In
defining r;, Dorlas and Dukes® consider the least index. This makes no difference
because ‘nothing happens’ until the maximum index is captured. Their weights
a; are incorporated in the density, there was no need to assume Y a; = 1, their
parameter J can be incorporated in the weights.

Here also two simple cases are worth mentioning. The number §; mentioned
below are same as the above, in these particular cases.
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Corollary 6.

J2p; log2 )
i) Let 0 < p—% p—2§<-~-<%.Putﬂj:%forjzl,...,n.Then
a.s.

1 - .
lim — log Zx(8) = 1og2+—Za if B <pr.

—Zp, 10g2+z,3a, 2p;log2 +—Za

Jj+1 Jj+1
if Bj<B<Bj forl=<j<n,

=B aiy/2pilog2 if = By
1

i) Let 8 = 22 = | =2 > (. Then a.s.
at a?

! 2 , [210g2
llj\r]IlNlogZN(ﬂ)zlog2+%§l al if B< Z—cgz,?
/ ) [21og2

=8 210g2§ al if B> S

A phenomenon similar to the exponential GREM can be observed
in the present case also. An n-level Gaussian GREM with parameters
(p1,...pnsai,...,a,) is equivalent to a K level (K is as defined earlier)

Fi41

Gaussian GREM with parameters (py, . . ., pk;ay, ... ag)where p; =>4 pi

and a; | = Z:j:i a?. Thus in order that an n-level Gaussian GREM does not

collapse to lower level it is necessary and sufficient that p ¢ be strictly increas-
ing. Thus unlike in the exponential case, the condition now depends on both the
parameters (p;) and (a;).

5. REMARKS

So far we assumed that the vector @ = (ay,...,a,) and p = (p1, ..., pn)
have strictly positive entries. It is natural to ask: what happens if some of these
quantities are zero? The following remark answers this question.

Remark 5.1. (A) Let us assume p; > 0 for all i. Suppose a, > 0 and some
of the a; are possibly zero. Let a;, a;,,...,a;, be those which are not zero
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with 1 <7, <iy <--- <i, =n. Then GREM with parameters (p;a) is same
as GREM with parameters (p|, ..., p),;d}. ..., a,) where p;,; =>"" . p;
(take ip = 0) and a; = a;,. However if a, = 0 the calculation differs. Suppose for
some k < n,a; # 0 and a4+ = ... = a, = 0. Then either by using the partition
function or by recalculating the necessary infimum, one can see that the limiting
energy equals p*log2 + (1 — p*)e where p* = >} p; and e is the energy of
the GREM with parameters as follows. In case of Gaussian GREM the parameters
are (%, ce %; \/1"_‘7, ce «/1(117)' And in case of exponential GREM the
parameters are (1 2 ‘P* S, %; ai, ..., ax). Observe that there are no multipliers
for a; in the last case.

The above results are only expected because, if an intermediate level of the
tree gets zero weights, it always amounts to passing to the next level whereas if
the last level gets zero weights it amounts to multiplying the partition function of
the first (n — 1) level tree with the number of furcations at the last level.

(B) Let us assume a; > 0 for all 7, but some p; are allowed to be zero. To
start with, suppose p; > 0. Notice that as long as p; > 0 the set W has non-
empty interior and the argument regarding rate function goes through. If 1 < i; <
iy < ... < iy <n are the indices of nonzero p values, then the (p;a) GREM is
equivalent to a k level GREM with parameters as follows. In the Gaussian case

o
the parameters are (py, ... pj;aj ..., a;) where p, = plfj and a; = ,’__*i'/_ ar.
In the exponential case the parameters are (py, ... p;aj ..., a;) where p); = pj.

anda} =max{a; 1 i; <i <i;jy; —1}.

Let us now consider the case p; = 0. Let us assume, for simplicity, that
pi =0fori < jand p; > 0fori > j.Inthis case, the (p; ad) GREM is equivalent
to the (n — j) level (pj41,..., Pus@jt1, ...ay) GREM. This can be seen either
by modifying the LDP argument or by using properties of maxima of random
variables involved. We explain these for the exponential case, same holds for the
Gaussian case as well.

To see the changes needed for the LDP argument, let us return to Sec. 3.
Proposition 4 holds as stated. Regarding Proposition 5, note that, in this case, first
Jj coordinates of any point in W are zero. In the hypothesis of Proposition 5 we
need to take cubes A such that 0 € A; fori < j and [A(j) N W(;)]° # ¢ where
A(j) = Ajp1 x -+ x A, and W(j)is the projection of W to the last (n — j) space.
Naturally, interior is in R”~/. The conclusion will now read that for any € > 0,
a.s. eventually (1 — €) [[,2 ;1 giv < un(A) < (1 +€)[];5;4 gin. For the proof
of Proposition 5 stated like this, first observe that, by Proposition 4, uy(A) is
eventually same as its marginal on A(j). This being so, one can consider the
tree from (j+1)-th level onwards (thus at the first level this tree has 22 i<j kin
nodes) and apply Corollary 1. Proposition 6 is to be modified in a similar manner.
Theorem 2 stands as stated.
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Alternatively, denote & = maxe, 4, 65,..0,/, for 1=<i <}, ajf =

=B isji1 @iy 400
0102 -+ 0j11, Zy(B) = ZU//+1sU/'+2,~.Un e 22 and observe

1 1 1
—% Dl + 1 10g Zy(B) < 1 log Zy(B) < % Y ik + < log Z3(B).
isj i<j

&

+— 0 as. Fix i < j, put Iy =

It now suffice to show that for each i < j,
ng kyy. For any € > 1, observe

*

P 5 >e(e —1)) <2ivp Kol > e(e — 1)) < 2ve €=UVl |
N N

which is summable over N. Thus for any € > 1 a.s. eventually % < e(e — 1). For
the Gaussian case one has to consider €(e — 2) instead of e(e — 1) with € > 2.

(C) We refrain from a full discussion of all the cases that may arise when
one allows some of the quantities p; or a; to be zero. We mention only two
examples.

Example 1. n=2,p; =1, pp =0 while a; = 0 and a, = 1. Then this system
is nothing but REM. In fact, a; = 1 and a; = 0 also corresponds to REM.

Example 2. n=2,p; =0, p, =1 while a; = 1 and a; = 0. Then limiting en-
ergy is log 2, no matter what 8 is. When a, = 1 this is again REM.

As mentioned in the introduction, the trees considered in the literature are in
a sense obtained by factoring 2, the number of spins. The next remark compares
our formulation with this.

Remark 5.2. It is the practice in literature to consider GREM as follows. Fix
constants o, . .. &y, each greater than 1 with [ ; = 2. For the N particle system
one considers the regular tree with [aiN ] furcations at the i-th level. Here [x]
is the largest integer < x. Since we are using [x], the tree may not have 2V
branches to exactly correspond to the configuration space. However, this does
not pose any problem in view of Remark 2.2. To be precise, if [;y < [al.N ] <
l;ny + 1 then the tree considered in the literature, for the N particle system, has /;
furcations of each node of the (i — 1)-th level. Let &,y be such that 25V < [y <
2kin+t Consider, in the notation of the present paper, GREM with parameters & =
{(kixy : 1 <i <n), N > n} Observe that %—) lloogT';" andlf%foorlf
i < n.Asimple calculation shows that N —2n < > k;y < N. Asaconsequence
the fact that ), k; v is not exactly equal to N does not matter, in the sense, any
short fall can be absorbed at any one of the levels.
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As is clear from the above, the relation of the &- GREM with k- GREM is that
pi = %. Apart from bringing in the tree structure, we have found no intuitive
explanation for considering the numbers «;. (In a sense, when we consider the &
setup, the limits for the proportions ka are already taken.) However in the present
formulation the N particles are divided into n groups with k;y particles in the
i-th group. Moreover the present formulation leads to new problems as seen in

Remark 5.1.
The following remark concerns the randomization of the tree.

Remark 5.3. Going back to Corollary 2, it must be clear by now, that even if
we take a regular Poisson tree as in there, for almost every tree the free energy
exists and corresponds to the usual one. Regarding the multinomial tree GREM,
there is a discrepancy in the two conditions of Corollary 4. However instead of
taking general multinomial trees at each level, we proceed as follows. Consider a
die with » faces with chance of heads for face i being p;. Consider a sequence of

independent throws of the die and let Ky = (K, ..., K,n) be the outcome of
the first N throws. By the strong law of large numbers, we have, ]“TV — p; almost

surely. As a consequence, in this model also, for almost every tree the free energy
exists and corresponds to the usual one.

The next remark concerns the treatment of Contucci et al.¥ We thank the
authors for discussions regarding their setup.

Remark 5.4. Contucci et al.¥ generalized the powerful convexity argument
of Guerra and Toninelli.'” To briefly recall, the convexity hypothesis is the
following: For N = N; + N, and for o, T € 2V with projections (o), 7;(7) on
2M and m5(0), mo(t) on 272 the following inequality

N] N2
Cy(o, 1) < WCNI(TH(U), 7 (7)) + Wch(TrZ(O—)a (7)),

should hold, where Cy (o, ) = E (Hy(0)Hn(7)).

Here now is the setup of Contucci et al.. Suppose we have two trees S and
T with n layers each. Say S has m; nodes «y, ..., a,,, at the first level. Node «;
furcates to m, nodes «;;; 1 < j < m etc. This goes on till the n-th level. Similarly
the tree 7 has M, nodes By, ..., Bu,, at the first level. Node §; furcates to M,
nodes B;;; 1 < j < M, etc. till the n-th level. Then the product tree S @ T is the
tree which has m | M; nodes {(a;, ) : 1 <i <my;1 < i’ < My} atthe first level.
Node (o, B]) furcates into my M, nodes {(ai;, Brj) : 1 < j <my;1 < j/ < My}
and so on. In such a case we say that the tres S and 7" are complementary in the
tree S@® T. We denote 7 @ T by T2.
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Now fix an n-tuple of integers (by, by, ..., b,). Let b = >_b; Consider a
tree T with 2°' nodes at the first level, with each node furcating to 2> nodes
at the second level etc. Thus the tree has 2° many leaves. Now for each integer
I > 1, consider the tree T', the I-fold product of the tree 7. The tree T’ corre-
sponds to bl-particle system. They have proved the existence of the free energy
limit along such a sequence of trees. This is covered by the present treatment as
well.

However, if one considers an arbitrary sequence of trees, as we did, the
convexity hypothesis may not hold. Here is a simple example. Consider n =
2,a1 > 0,a, > 0. N =5with kjy =2 and k,y = 3; N = 3 with 5,y N, = 2 and
kZNl = I,Nz =2 with k]]\/2 = k2N2 = 1. Take o = (+l, +1, +1, +1, +1), T =
(+1,+1,—-1,—1,—-1) so that m(o)=(+1,+1,+1), m1(z) = (+1, +1, —1);
my(o) = (+1,+1) and m(7) = (-1, —1). It is easy to see that Cy(o, 1) =
Cy,(m1(0), mi(r)) = a; while Cy,(m2(0), m2(t)) = 0. Thus the condition of
convexity amounts to a; < %al , which is clearly not true.

The purpose of the following remark is to show that the energy function
determines the parameters of the model. One could characterize functions that
arise as energy functions for GREM.

Remark 5.5. As observed in Remark 3.2, an n level GREM may reduce to a k
level GREM for some & < n. In such a case, some weights ; either do not appear
in the formula for free energy as in the exponential case (Theorem 3), or some
weights occur in groups and get added up as in the Gaussian case (Theorem 5).
When such a thing happens it is clearly not possible to recover the weights from
the formula for energy. It is interesting to note that when the GREM is in reduced
form, we can recover the parameters from the energy function. Here is the precise
statement.

(A) Since an exponential GREM is in reduced form if and only ifa; > --- >
a, > 0and p; # 0 for 1 <i < n, let us assume this to be the case. Let £(B) be
the energy function, that is £(8) = limy % log Z n(B). From Corollary 5, it is easy
to see that £(B) is a piecewise linear continuous function of 8 taking value log
2 near zero. Further, its derivative £'(8) = Zf;l a;p;log?2 in (i, ﬁ). These
properties are good enough to show the following: £(8) uniquely determines
all the quantities p; and a;. In other words, the energy function identifies the
parameters.

If0 < x; < -+ < x, be the points where the left and right derivatives of £(8)
are unequal, then ¢; = 1 Further, if £'(8) = ¢; in (x;, x;41) then p; = x’(‘i‘o;g;’”
for 1 <i < n. Here x =0 and x,,] = oco.

In fact the above considerations lead to a characterization of energy func-
tions for exponential GREM. Suppose f'is a continuous function on [0, oo) with
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£(0) = log 2. further suppose that there are finitely many points 0 < x; < ... < x,
where the left and right derivatives are unequal and f” is a constant, say, ¢; in
(xi, xi+1). Here xo = 0 and x,,; = oo. Then f'is the energy function for some
exponential GREM iff

O=cp<cy<---<c, and Zx,-(cl- —c¢i—1) = log?2. (13)
i=1

(B) Since a Gaussian GREM is in reduced from if and only if all the p;, a; are

non zero and ‘Z o< % <-oo-< ”—;, let us assume this to be the case. From Corollary

6, it follows that € (,3) is piecewise quadratic continuous function with £(0) =
log 2. It has a continuous derivative £'(8) with £'(0) = 0. Further, £"(8) = Y| a?

/2pilog2 2pilog2  /2pis log2 /2ps log2
0, 2nle2) s 2 1n(‘/ pilog2  /2piiilog ) and =0 for g > Y2Poe2.
an

Here also the energy function 5(,3) 1dent1ﬁes the parameters. Let 0 < x; <
. < X, be the points where the left and right derivatives of £'(8) are unequal and

in (

’

E"B) = ci2 in (x;, x;41) with xo = 0 and x,4; = oco. Then a; = ci2 — cl.zJrl and
22 2 .
pi = x‘(g’lo—gcé“), for 1 <i < n,note that ¢,,1 = 0.

The energy functions can be characterized in this case also. Let fbe a C!
function on [0, co) with f(0) = log?2 and f”(0) = 0. Further suppose that there
are finitely many points 0 < - -- < x,, where the left and right derivatives of f”
are unequal and f” is a positive constant, say, cl.2 in (x;_1, x;). Here xo = 0 and
Xp+1 = 00. Then f'is the energy function for some Gaussian GREM iff

cf>-->ct>ck, =0 and Zx i) =log2.  (14)
It is interesting to compare (13) and (14).

Remark 5.6. Inref. 13 one of the authors considered REM with driving density
for the N-particle system being

1 oS e
¢(x)=m(ﬁ> e T —00 <X <00
Here o > 1. One can consider GREM in this environment and obtain easily a rate
function. A referee pointed out to us that distributions with exponentially decaying
tails, as in, ref. 11 could also be treated by the present method. Since the solution
of the variational problem and explicit formula for the free energy eludes us, we
refrain from giving the details.
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6. CONCLUSIONS

A reformulation of GREM is considered which allows general tree structure.
This makes randomization of the tree possible. A general result on trees is proved
in Sec. 2 and applied to these models. It is demonstrated that large deviation
technique is best suited for these problems. In several respects, as seen in Secs. 2
and 4, Gaussian GREM is no more complicated than exponential GREM, contrary
to popular belief. There are some dissimilarities as seen in Sec. 5. It is observed
that the energy function identifies the parameters of the models.
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